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Linear Algebra
A subspaceis a setS! R" such that 0 "
SI""R.Ix+"y"S.

The span of {vy,...,vk} is the set of all vectors in R"
that are linear combinations of vy, ..., Vvg.

A basis B of subspaceS, B = {vi,...,vk} $ S has
Span(B) = S and all v; linearly independent.

The dimension of S is |B| for a basisB of S.

For subspacesS, T with S! T, dim(S) % dim(T), and
further if dim(S) = dim(T), then S=T.

A linear transformation T : R" & R™ has #x,y "
R, " R.OT(x+"y)= I T(x)+ "T(y). Further,
"A" R™ " such that #x . T(x) ( Ax.

For two linear transformations T : R" & R™,
RP, S) T ( S(T(x)) is linear transformation.
AX)* (S(y) ( B) + (S) T)(x) ( BAX.

The matrixOsrow spaceis the span of its rows, itscolumn
space or range is the span of its columns, and itsrank is
the dimension of either of these spaces.

For A" R™ " rank (A) % min(m,n). A hasfull row (or
column) rank if rank (A) = m (or n).

A diagonal matrix D " R™ " hasdx =0for j = k. The

S and #x,y "

S:RM&
(T (

diagonal identity matrix | hasij; = 1.
The upper (or lower) bandwidth of A is max|i- j| among
i,j wherei. j (ori %j) such that Aj; =0.

A matrix with lower bandwidth 1 is upper Hessenberg

For A,B " R" ", B is AOsnverse if AB = BA = |. If
such aB exists, A is invertible or nonsingular. B = A" .

The inverse of A is A" 1 =[xy, 444,] where Ax; = g.

For A" RM™ M the following are equivalent: A is nonsin-
gular, rank (A) = n, Ax = b has a solutionx for any b, if
Ax = 0 then x = 0.

The nullspaceof A" R™ "is{x " R" : Ax = 0}.

For A R™ ", Range(A) and Nullspace(AT) are
orthogonal complements i.e., x Range(A),y
Nullspace(AT) + xTy =0,and forall p" R™,p=x+y
for unique x and y.

For a permutation matrix P " R™ ", PA permutes the
rows of A, AP the columns ofA. P" 1= PT.

Gaussian Elimination
GE produces a factorizationA = LU, GEPP PA = LU.
Plain GE GEPP

1: for k=1to n- 1do 1: for k=1to n- 1do

2. if ay =0 then stop 22 $= argmax |aik|
3: #<+1:n,k = ak+1: n,k/akk 3: an kli{k;lark”l k'
4 A+linkin T A+linkin T . {t k) ken _[ it L
4 gk 1= Hkogake 1
He+1:nk kin 5 =9
5. end for ) .
- 6. Henk = acnk/akk
Backward Substitution 7 @atinkin = BkeLnkon-
1: x = zeros(n, 1) Hert: nk Ak:n
2. for j=nto 1do 8: end for
Wi = Uit a1 nXi et
3 Xj - jj +Ll:inXj+1:n
Ujjj
4: end for

To solve Ax = b, factor A = LU (or A = PTLU), solve
Lw = b (or Lw = B whereB = Pb) for w using forward
substitution, then solve Ux = w for x using backward sub-
stitution. The complexity of GE and GEPP is 2n®+ O(n?).
GEPP encounters an exact 0 pivot I A is singular.

For banded A, L + U has the same bandwidths asA.

Norms
A vector norm function / & : R" & R satisbes:
1./x/. 0,and/x/ =00 x=%
2. /$x/ = |$|&x/ forall $" R, and all x " R".
3. /x+yl%/x/+/yl,forall x,y " R".
Common norms include:
Lo /xl1= [xa| + [Xo| + d&4 |Xn|

= Y2 %2+ AAA X2
2. Ixlp= xi{+ x5+ adéx3
) ‘o« 1
3. Ixlg = lim (1P + &&# [xn|P)P = max [xi]
p%S$ =
An induced matrix norm is / A/, = Supygo Ax — It

satispes the three properties of norms.
x " R",A" R™ " JAX/, % /Al IX]y .

IAB/, % /A/l, B/, called submultiplicativity .

a'b % /al 5/ b/, called Cauchy—Schwarz inequality

1. /Al =maxi=y "_1 laij | (max row sum).

2. /Al =maxj=1, ., iZ1 laij | (max column sum).

3. /Al is hard: it t‘gkes 0O(n3), not O(n?) operations.

4. [Alg = L Jm:1 afj . | & often replaces/ & ».
Numerical Stability
Six sources of error in scientibc computing: modeling el
rors, measurement or data errors, blunders, discretizatiot
or truncation errors, convergence tolerance, and roundin

errors. eng@%
shoafiodpgad 1 oo e
5|gn mantissa base
The relative error in ¥ approximating x is it
Unit roundo! or machine epsilon is &ach = " 1.
Arithmetic operations have relative error bounded by &nach -
E.g., considerz = x- y with input X,y. This program has
three roundo! errors. D= ((1+ "1)x- (1+ '2)y)(1+ '3),
where'1,"2,"3" [~ &nach, &nach]-

For single and double:
t=24, el {"12,..., 127}
t=53 el {"1022,..., 1023}

" x|

L I (G SN G 2+"3)y+ O . )l
Tl X"yl
The bad case is wheré 1 = &nach, ' 2= - &nach, '3=0:
|1z" B _

' = Smach o]
Inaccuracy if [x+y|2 |x- y]| called catastrophic calcellation
Conditioning & Backwards Stability
A problem instance isill conditioned if the solution is sen-
sitive to perturbations of the data. For example, sinl is
well conditioned, but sin 12392193 is ill conditioned.

Suppose we perturbe =bby(A+E)d= b+ ewhere
%' ,5- %'. Then 2XX 9 2( (A)+ O('?), where
((A)=IAIl A"/ is the oondmon number of A.

1 #A" R"™ " ((A).

2. ((1)=1.

3. For$=0, (($A) = ((A).

4. For diagonal D and all p, /D/p = maxi=1.n |di|]. SO

_ i=1.n |di
(D)= FRefid.
If ((A). , A may as well be singular.

An algorithm is backwards stableif in the presence of
roundo! error it returns the exact solution to a nearby
problem instance.

GEPP solvesAx = b by returning ¥ where (A+E)® = b
It is backwards stable if 5% % O(&nacn). With GEPP,

E\f: % Cn&nach + O(&cn)» Where ¢, is worst case expo
nential in n, but in practice almost always low order poly-
nomial.

) Comblnlng stability and conditioning analysis yields
% Cn &( (A)&ach + O(&acn)-

Determinant
The determinant det: R™ " & R satisPes:

1. det(AB) = det(A) det(B).

2. det(A)=0i! A is singular.

3. det(L) = #1th o &&#, for triangular L.

4. det(A) = det(AT).
To compute det(A) factor A = PTLU. det(P) = (- 1)°
where s is the number of swaps,det(L) = 1. When com-
puting det(U) watch out for overBow!

Orthogonal Matrices
For Q" R™ ", these statements are equivalent:
1. Q"Q=QQ" = I (i.e., Q is orthogonal)
2. The / & , for each row and column ofQ. The inner
product of any row (or column) with another is 0.
3. Forallx" R", /Qx/2=1/x/>.
A matrix Q" R™ " with m>n has orthonormal columns
if the columns are orthonormal, and QT Q =
The product of orthogonal matrices is orthogonal.
For orthogonal Q, / QA/2 = /Al and / AQ/ 2 = [ Al .

QR-factorization
Forany A" R™ " with m . n, we can factorA = QR,
where Q " R™ ™ s orthogonal, andR = [ Ry 0]T "
R™ " is upper triangular. rank (A) = ni! Ry is invertible.

QOs brsh (or last m - n) columns form an orthonormal
basis forspan(A) (or nullspace(AT)).

A Householder re3ectionisH = 1| - ZV";’J H is symmet-
ric and orthogonal. Explicit H.H. QR-factorization is:

1: for k=1:ndo

2. v=A(k:mk) 1(/A(k : m,)k)/261

3 Ak:mk:n)= |- 2% A(k:mk:n)

4: end for
We get HoHpy 1 44H1A = R, so then,Q = HiH,44H,.
This takes 2mn2- 2n®+ O(mn) Rops.

Givens requires 50% more 3ops. Preferable for sparge

The Gram-Schmidt produces a skinny/reduced QR-
factorizaton A = QiR;, where Q1 " R™ " has or-
thonormal columns. The Gram-Schmidt algorithm is:

Left Looking Right Looking

1: for k=1:ndo 1. Q=A

2. Ok = ak 2: for k=1:ndo

3 forj=1:k- 1do 3 R(kk)=/qx/2

4 R(, k) = qf a 4 Ok = /R (k k)

5: Ok = gk - R(,k)q; 5 for j=k+1:ndo
6: end for 6: R(k,j)= agq;

7 R(kK) = /qi/2 7 g =g - R(Kj)ak
8 gk = gk/R (k,k) 8: end for

9: end for 9: end for

In left looking, let line 6 be qJ-qu « 1 for modibped G.S. to
make it backwards stable.

Positive Debnite, A = LDLT
A" R"™ " is positive debnite (PD) (or semidebnite(PSD))
if xTAx> 0 (or xTAx . 0).

When LU -factorizing symmetric A, the result is A =
LDL T; L is unit lower triangular, D is diagonal. A is SPD
il D has all positive entries. TheCholesky factorization is
A= LDL T=1DY2pY2 T = GGT. Can be done directly
in —+ O(nz) Rops. If G has all positive diagonalA is SPD.

To solve Ax = b for SPD A, factor A = GGT, solve
Gw = b by forward substitution, then solve G'x = w
with backwards substitution, which takes ” + 0(n?) Rops.

For A" R™ " if rank (A) = n, then ATA is SPD.
Basic Linear Algebra Subroutines
0. Scalar ops, like x2+ y2. O(1) Rops, O(1) data.
1. Vector ops, likey = ax + y. O(n) Rops, O(n) data.
2. Matrix-vector ops, like rank-one update A = A+ xy T
0O(n?) Rops, O(n?) data.
3. Matrix-matrix ops, like C =
0O(n3) Rops.
Use the highest BLAS level possible. Operators are ar-
chitecture tuned, e.g., data processed in cache-sized bites.

Linear Least Squares
Suppose we have points s, v1), ..., (Us, vs) that we want
to bt a quadratic curve au2 + bu+ c through We want to

C + AB. 0O(n?) data,

solve for w?ou 1 a Vi
+ +

Coor il b=

uz us 1 c Vs

This is overdetermined so an exact solution is out. Instead,
bnd the least squaressolution x that minimizes / Ax - b/ .

For the method of normal equations solve for x in
ATAx = ATb by using Cholesky factorization. This takes
mn? + % + O(mn) RBops. It is conditionally but not back-
wards stable: ATA doubles the condition number.

Alternatively, factor A = QR. Letc=[c¢c; ¢ |7 =
QTb. The least squares solution ix = R} c1.

If rank (A) = r and r < n (rank debcient), factor A =
u"vT, letyy, = VT x and ¢ ='UT b Then, min/Ax -

b/z=min [ 0ivi- 6)2+ I, soy= g For
i=r+1:n,yis arbitrary.

Singular Value Decomposition

For any A " R™ " we can expressA = U"VT such
that U " R™™ and V " R"™" are orthogonal, and

" = diag() 1,448 p) " R™ " where p = min( m,n) and

1. )2. ada)p. 0. The); are singular values.

1. Matrix 2-norm, where / A/, =) .

2. The condition number ( 2(A) = /Al 5/ A" 1/2 ﬁ
rectangular condition number (2(A) = $mm mn) Note
that (2(ATA) = (2(A)2

3. For a rank k approximation to A, let "y =

diag() 1,448 «,07). Then A, = U" (V7. rank (Ax) %
k and rank (Ag) = ki! )k > 0. Among rank k or lower
matrices, Ax minimizes/A - Ax/2 = )k+1-

4. Rank determination, since rank (A) = r equals the
number of nonzero), or in machine arithmetic, per-
haps the number of)

iz&nach 1)1 32 T 3
T "(l:r,1:r) O A
A=U"V' = U U 0 0 v,

See that range(U;) = range(A). The SVD gives an or-
thonormal basis for the range and nullspace oA and AT.
Compute the SVD by using shifted QR onATA.

Information Retrival & LSI
In the bag of wordsmodel, wgq " R™, where wq(i) is the
(perhaps weighted) frequency of termi in documentd. The
corpus matrix is A = [wy,44Av,] " R™ M. For a query
g" R™, rank documents according to a,q‘;"‘,"’ score.

In latent semantic indexing you do the same, but in a
k dimensional subspace. FactorA = U" VT, then debne
AC=" VT " RN Eachwi = Aly = UT wg, and
q( = U:Tl:kq'




In the Ando-Lee analysis, for a corpus withk topics, for Arnoldi and Lanczos
t" 1:kandd" 1:n,let Ryg . O be documentd®s Given A " R™ " and unit length q; " R", output Q,H
relevance to topict. /R.q/2 = 1. True document similar- such that A = QHQT. Use Lanczos for symmetricA.

ity is RRT = R™ ", where entry (i,j ) is relevance ofi to Arnoldi Lanczos
j. Using LSI, if A contains information about RRT, then 1. for k=1:n- 1do 1: "o = /wolo
(AOTAC will approximate RRT well. LS| depends on even 2. g,,, = Agy 2 for k=1,2,...do
distribution of topics, where distribution is * = "nﬁ:‘:is“j 3 for #=1: k do 3 g = et
Great for * is near 1, but if * 2 1, LSI does worse. 4: H(#k) = ngkﬂ 4. uyx = Agk
Complex Numbers 5 5: Gk+1 = Ek+1 - H(#HK)Ge 5 Yki U#- "k 10k 1
Complex numbers are writtenz = x + iy * Cfori= - 1. ° end for B k= GVk

. _ . . . _ 7: H(k+1,k):/qk+1/2 7 Wi = V- Qg
The real p{irt isx = 4(2). The}lmaﬁglnarmtlsiy = 4(2) 8 Qe = e 8 "= Iwida

The conjugateofzisz = x- iy. AX = (Ax), AB = (AB) o end for H(k+1 k) o end for

The absolute valueof z is |z| =  x2+ y2,
The conjugate transposeof x is xH = (x)T. A" C"' " is
Hermitian or self-adjoint if A = AH.
If Q"Q =1, Q is unitary.
Eigenvalues & Eigenvectors
For A" C™ " if Ax = +x wherex = 0, x is an eigenvector
of A and + is the correspondingeigenvalue
Remember,A - +x is singular il det(A - +1)=0. With
+ as a variable,det(A- +I) is AOsharacteristic polynomial.
i wenln U1 inilar
. For non5|_ngqlarT C ,'T‘ AT (the similarity trans- lterative Methods for AX = b
ormation ) is similar to A. Similar matrices have the same .
characteristic polynomial and hence the same eigenvaluesusefLII for s_parseA where G_E would cause p||;|n_ ) .
(though probably di! erent eigenvectors). This relationship soll\r/]atglfa S_T_Ir:tg:gxwflt)hid"\':fl N-x(tl) ing I\flit_cgr:\s/eergse”sy
s ref_SeX|_ve, tran‘smve,‘and Asy".‘m.et“c' . . the limit point x( is a solution to Ax = b.
A is diagonalizableif A is similar to a diagonal matrix ) = 1Nk litt hod
D = T"!AT. AOs eigenvalues ame Os diagonals, and the The error is e = (M “N)‘eq, so splitting methods
i : TN 1 . CONVerge if+|mayx(M"IN) < 1.
eigenvectors are columns off sinceAT.; = DiiT.i. A S 5 'y o method considerM as the diagonals ofA
diagonalizable it has n linearly independent eigenvectors. _ .~ ° = ) ’
For symmetric A " R™ ", A is diagonalizable, has all This V_W” fail of A has. any zero diagonals.
real eigenvalues, and the eigenvectors may be chosen as th&Onjugate Gradient
columns of an orthogonal matrix Q. A = QDQT is the Conjugate gradient iteratively solve Ax = b for SPD A.
eigendecompositionof A. Further for symmetric A: It is derived from Lanczos and takes advantage of ifA is
1. The singular values are absolute values of eigenvaluesSPD then T is SPD. It produces the exact solution aftern

For Lanczos, the!  and "¢ are diagonal and subdiagona
entries of the Hermitian tridiagonal Ty, and we haveH in
Arnoldi. After very few iterations of either method, the
eigenvalues ofTy and H will be excellent approximations
to the OextremeO eigenvalues &.

For k iterations, Arnoldi is O(nk?) times and O(nk)
space, Lanczos i©(nk)+ kaM time (M is time for matrix-
vector multiplication) and O(nk) space, orO(n + k) space
if old qxOs are discarded.

2. Is SPD (or SPSD) il eigenvalues> 0 (or . 0). iterations. Time per iteration is O(n) + M .
3. For SPD, singular values equal eigenvalues. 1: x© = arbitrary ( 0 is okay) Bfror _is reduced by
4. ForB" R™" m . n, singular values ofB are the 2: ro=b- Ax©® C ((A)- 1 ((A)+D

per iteration. Thus, for
((A) = 1, CG converges
after 1 iteration. To
speed up CG, use aper-
conditioner M such that
((MA) 5 ((A) and solve
MAX = Mb instead.

Po=To

. for k=0,1,2,... do

P = (rire)/ (pf Apk)
() = %) 11 py
fker = k- P kAPk

"r = (Mg Tes ) (P

2
square roots ofBTB Os eigenvalues. 3

For any A " C™ N, the Schur form of A is A = QTQM" 4
with unitary Q" C" " and upper triangular T" C™ ", 5:
In this sheet | denote +| max| = MaX g (...} |*- 6
For B " C™ ", then limgys BX=0if +/ma(B) < 1. 7
Power Methods for Eigenvalues 2

x* D = Ax®) converges to+) may (A)Os eigenvector.
Once you bnd an eigenvector, bnd the associated eigen-

D Pkel = Tker - "k Pk
0: end for

Multivariate Calculus

=

. . _ x0T ax(0
value + through the Raleigh quotient + = x0T x (k) Provided,f : R" & R, the gradient and Hessian are
The inverse shifted power methodis x®*9 = (A - T i i SEP PP
" ly(k i i 3 2 X% X1 Xn
Y1) M If A has eigenpaifs ¢1,u1)y. .., (+p, Un), thgn 6f ="t E | 6% = + e
(A - )1)'! has eigenpairs 0/q+$,ul s g Un B ) zf aa i 7
Factor A = QHQT whereH is upper Hessenberg. “Xn XX TXn X2 £

To factor A = QHQT, bnd successive Householder reRec!f f is ? (2 partials are all continuous), 6 *f is symmetric.
tions Hy, Ho, .. . that zero out rows 2 and lower of column 1, The Taylor expansion forf is Loten .
rows 3 and lower of column 2, etc. ThenQ = HT aaBT. ,. f(x+h)=f(x)+hT6f(x)+ 3h76°f (x)h+ O(/h/7)

1. AO = A A® is similar to A by Provided f : R" & R™, the Jacobjan is

2: for k=0,1,2,... do orthog. trans. UK = fal'x1 aaa'fal'x,

3 SetAl)- )0 = QWRK QO 4a@**D) Perhaps  6f=, P
4 "fm/' X1 &&&'fm/' Xn
5 fOs Taylor expansion i§(x+ h) = f(x)+ 6 f(x)h+ O(/ h/?).

AlD) = RIQI) + )] choose) ¥ as eigenval-
. end for ues of submatrices ofA.

x®+) = x®) 1+ 1, 5 {Use special line search fot 1}
yk=6f(x&Dy_6 f(xK)

VYR Bkssk Bk

Ly s sy Bksk

A linear (or quadratic) model approximates a functionf 4
by the brst two (or three) terms of fOs Taylor expansion.  5:

Nonlinear Equation Solving 6:
Given f : R" & R™, we want x such that f(x) = 0.
In bPxed point iteration, we chooseg : R" & R" such that
x®&*) = g(x(®)). If it converges to x(, g(x() - x( = 0.
g(x®) = g(x)+ 6 g(x()(x®- x()+ O x® - x(/2) For

B+ = Bk +
7: end for
By maintaining By in factored form, can iterate in O(n?)
Rops. By is SPD provided sfy > 0 (use line search to
small e®) = x®) - x( ignore the last term. If 6 g(x() has increase! y if needed). The secant condition! By sk =
+max| < 1, thenx® & xCas/e®/ % /e@/ for largek, Yk holds. If BFCS converges, it converges superlinearly.
wherec = +mq | + & where &is the inRuence of the ignored Non-linear Least Squares
last term. This indicates a linear rate of convergence For g:R" & R™, m. n, we want the x for min/g(x)/».
Suppose for6 g(x{) = QTQ", T is non-normal, i.e.,  In the Gauss-Newtonmethod, x*D = x( - h where
TOs superdiagonal portion is large relative to the diagonal.h = (6 g(x)76 g(x))" 16 g(x)Tg(x). Note that h is a solu-
Then this may not converge as/ (6 g(x())¥/ initially grows! tion to a linear least squares problem min6 g(x®))h -
In NewtonOs methoak (*D = x(- (6 f(x )" 1 (xW). g(x®)/1  GN is derived by applying NMUM to to
This convergesquadratically, i.e., / e®*D / % ¢/ e/ 2, g(x)Tg(x), and dropping a resulting tensor (derivative
Automatic di! erentiation takes advantage of the notion of Jacobian). You keep the quadratic convergence when
that a computer program is nothing but arithmetic opera- g(x() = 0, since the tensor& 0 ask & 7
tions, and one can apply the chain rule to get the derivative. Ordinary Di ! erential Equations
This may be used to compute Jacobians and determinants. o (or PDE) has one (or multiple) independent variables.

Optimization In initial value problems, given & = f (y,t), y(t) " R",
In continuous optimization, f :R" & R qin ¢ (x) and y(0) = yo, we want y(t) for t > 0. Examples include:
is the objective function, g : R" & R™ st g(x)=0 1. Exponential growth/decay with ’;—{ = ay, with closed
holds equality constraints, h : R" & RP h(x). 0 form y(t) = yoe®. Growth if a> 0, decay ifa < 0.
holds inequality constraints. 2. Ecological models,ddil‘ = fi(y1,...,yn,t) for species
We did unrestricted optimization min f (x) in the course. i =1,...,n. vy is population size, f; encodes species

A ballisasetB(x,r)={y" R":/x- y/ <r}.
We have local minimizers x( which are the best in a 3. Mechanics, e.g. wall-spring-block models foF = ma
region, i.e.,'r > 0 such that f (x() % f(x) for all x " a= ®XyandF = - kx, so®¥ = "k vields vt _
B(x(,r). A global minizer is the best local minimizer 6 & I o " o
AN ‘ A : “k< ™ with yg as initial position and velocity.
Assumef is 2. If x( is a local minimizer, then 6 f (x() = ity of ot & = ; w ~nin
0 and 6 2f (x() is PSD. Semi-conversely, i f (x() = 0.and _ stability of an ODE, let - = Ay for A * C™ .
6 2f (x() is PD, then x( is a local minimizer. The stable or neutrally spable or unstaple case is where
max; 4 (+i(A)) < 0 or =0 or > O respectively.
Steepest Descent

L " )
Go where the function (locally) decreases most rapidly via I'n Pnite d." erence methodsapproximate Y(.t) by dl_screte
XD = %0 - 1,6 F(x(. 1, is explained later. SD is points yo (given), y1,Y2, ... SOyk 8 y(tk) for increasing ti.

. ) For many IVPs and FDMs, if the local truncation error
stateless: depends only on the current point. Too slow. . p+l )

~ . . (error at each step) isO(hP*™), the global truncation error
NewtonOs (M%th‘)d Jor Unczonsg?lr]eld Min. .\ (eror overall) is O(hP). Call p the order of accuracy,
lterate by x - X ((6 F o) 26f((z<) ), derived ™y g p, substitute the exact solution into FDM for-
by solving for Wherer_(x )= 0. If 6 f(_X ) is PD and mula, insert a remainder term +R on RHS, use a Taylor
6 f (x(®) = 0, the step is a descent direction.

What if the Hessian isn®t PD? Use (a) secant method (b)series expansion, solve foR, keep only the leading term.
: ' In Euler®s methadlet = + f(yk, tk)hx where
direction of negative curvature where h™6 2f (x(X)h < 0 adlet Yiea = i+ f(Vic L

= : ) hk = txs1 - ty is the step size and y) = f(y,t) is perhaps
where h or - h (doesn(z)t vv(c;gk well .!nl pract;f{:)e), (©)trust compu;eld by Pnite dil erence.p =1, very low. Explicit!
region idea soh = - (6 “f (x'¥) + tl') *6f (x\¥)) (interpo- A stil blem h idel 2 i les in th )
lation of NMUM and SD), (d) factor 6 2 (x()) by Cholesky | - o' PO 18S WIGEW randing ime sca:es in e so

h hecking for PD. detect O pivot dify that di lution, e.g., a transient initial velocity that in the true so-
W le_n gze}c 'r(]lg or d k’ etect U'pivo s’t'god ';y tha mgo; lution disappears immediately, chemical reaction rate vari-
naiin € x .)an eep going (unjustiped by theory, bu ability over temperature, transients in electical circuits. An
works in practice).

A explicit method requires hy to be on the smallest scale!
Line Search

| . © . Backward Euler has yy+1 = yk + hf(yk+1,tk+1). BE
Line search given x™ and steph (perhaps derived from s impjicit (y,.; on the RHS). If the original program is
SD or NMUM), bnds a! > 0 for x&*D) = x(K) + 1 h,

A e . stable, any h will work!
In exact line search optimize minf (x(X) + I h) over ! . Miscell
Frowned upon because itOs computationally expensive. Egofstf‘mnepouf:m o
In Armijo or backtrack line search initialize ! . While k=1 k= pT Tt o(n?)
fx®+1h)y>f (xC)+0.116f(x*)Th, halve! . ax?+ bx+ c=0.rq,rp= bt Praae pop)= o
Secant/quasi Newton methods use an approximate al- Exact arithmetic is slow, futile for inexact observations,
ways PD 6 2f . In Broyden-Fletcher-Goldfarb-Shanno: and NA relies on approximate algorithms.

; 2;; =k izit(i)allagproxidr’gate Hessian {OK to use | .} VAAVAVA
' B, 161 WWAVAVAVAYVAN

3 sc=- B, 6 fx®)

relationships.




